We construct an empirical model for daily highs and daily lows of US stock indexes based on the intuition that highs and lows do not drift apart over time. Our empirical results show that daily highs and lows of three main US stock price indexes are cointegrated. Data on openings, closings, and trading volume are found to offer incremental explanatory power for variations in highs and lows within the VECM framework. With all these variables, the augmented VECM models explain 40% to 50% of variations in daily highs and lows. The generalized impulse response analysis shows that the responses of daily highs and daily lows to the shocks depend on whether data on openings, closings, and trading volume are included in the analysis.
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In a related literature, the range is used to determine the persistence (strength of memory) of data. See, for example, Hurst (1951) , Lo (1991) and Cheung (1993) . 4 For example, a knock-out option will expire and become worthless when the price reaches a pre-specified level. A lookback option, on the other hand, offers the retrospective right to exercise the contract at the lowest price (for a call, or the highest price for a put) during the period stipulated in the contract before its expiration.
Third, the high and the low are key components of some technical trading techniques. 5 For example, the price channel strategy initiates a buy (sell) when the price closes above (below) the upper (lower) channel constructed from daily highs and lows. Support and resistance levels are price levels at which there is a possible reverse of the trend. A breakthrough of these levels is considered as an important trading signal. In addition, highs and lows are used in forming trading techniques such as candlestick charts and stochastic oscillators.
The motivation of the empirical model of highs and lows used in the current study is quite intuitive. For equity markets in developed countries such as the US, stock prices exhibit stochastic trends and are typically characterized by I(1) processes. Daily highs and lows, however, do not appear to drift apart from each other too far over time. If one assumes there is a stochastic trend underlying the stock price data generating process, both the high and low are likely to be driven by the same stochastic trend. If this is the case, then the high and the low can individually drift around without an anchor but their differences should not diverge over time. Thus, highs and lows may follow a cointegration relationship.
To explore the idea, we consider three main US stock indexes: the Dow Jones Industrial index, the NASDAQ index, and the S&P 500 index and formally test whether their highs and lows are cointegrated.
To anticipate the results, the test corroborates the notion of cointegration between daily highs and daily lows. The vector error correction model derived from the cointegration relationship is extended to include other explanatory variables including opening prices, closing prices, and trading volumes. The responses of the high and the low to shocks are analyzed in the presence of different groups of explanatory variables.
Preliminary Analyses
In this study we consider three main US stock indexes -the Dow Jones Industrial index (DJ), the NASDAQ index (NQ), and the S&P 500 index (SP). Daily data on opens, highs, lows, closes, and trading volume from January 2, 1990 to December 31, 2004 were downloaded from the Yahoo! Finance and Bloomberg L.P. websites. As a preliminary analysis, a modified Dickey-Fuller test known as the ADF-GLS test (Elliott, Rothenberg, Stock, 1996) is used to test for stationarity. The ADF-GLS test is shown to be approximately uniformly most powerful invariant. Let be a generic notation of a stock index's daily open ( ), daily high ( ), daily low ( ), daily close ( ), and daily trading volume ( ) series, in logarithms. The price range defined by -is also considered. The ADF-GLS test that allows for a linear time trend is based on the following regression:
(1) 5 See, for example, Edwards and Magee (1997) for some popular technical trading techniques. The popularity of trading rules in financial markets is documented in, for example, Cheung and Wong (2000) , Cheung and Chinn (2001) , and Taylor and Allen (1992) . Lo et al. (2000) provides an extensive analysis of technical trading.
where L is the lag operator, is the locally detrended process under the local alternative of a n d i s g i v e n b y w i t h i s t h e l e a s t s q u a re s re g re s s i o n coefficient of on , where = = , and is the error term. The local alternative is defined by =1 + / T for which is set to -13.5. The Bayesian information criterion is used to determine p, the lag parameter. If the estimated residuals do not pass the diagnostic test, then the lag parameter is increased until they do pass. The unit root hypothesis is rejected when the ADF-GLS test statistic, which is given by the usual t-statistic for a 0 = 0 against the alternative of a 0 < 0, is significant. 6
The test results are given in Both sets of test results suggest that , , and are I(1) variables and and are I(0) variables.
As indicated by the Q-statistics, the lag structures used to conduct these tests adequately capture the intertemporal dynamics.
We have to address the stationarity issue of trading volume before we proceed to the next stage of analysis. The detrending method used to achieve stationarity depends on data characteristics. While the trading volume does not contain a stochastic trend given by an I(1) process, it has a significant deterministic trend component. Thus, we removed the estimated trend from trading volume data.
Henceforth, refers to the detrended volume data. The degrees of association between the stationary variables , , , , , and are presented in Table 2 . The changes in opens, highs, and lows have a high correlation coefficient that ranges from 0.57 to 0.80 across the three stock indexes.
tends to have a low correlation with but a high correlation with and . For the three index series, the trading volume has a small correlation coefficient with the changes in prices but a relatively large one with the range. The large correlation between trading volume and range may be driven by their association with volatility. Among the four price variables, the range has the largest correlation coefficient with changes in the low followed by changes in the opening. In the subsequent sections, a dynamic and multivariate setting is used to investigate the intertemporal properties of changes in highs and lows.
An Empirical Model
As previously stated, an empirical model for highs and lows is built based on the intuition that these two variables are interlinked and driven by some common dynamic factors. Results in the previous section show that the high and the low are I(1) variables. Thus, the cointegration technique is used to investigate their dynamic interactions.
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See Elliott, Rothenberg, Stock (1996) and Cheung and Lai (1995) for a detailed description of the testing procedure and the related finite sample critical values.
Cointegration Test
The Johansen procedure is used to formally test for cointegration. Let be a 2x1 vector containing the daily high and daily low series of a stock index (that is, ) and has a (p+1)-th order
where is the intercept term, 's are coefficient matrices, and is the innovation vector. To test whether the elements in are cointegrated, the Johansen procedure tests for significant canonical correlations between and after adjusting for all intervening lags. Johansen (1991) and Johansen and Juselius (1990) give a detailed description of the test.
The cointegration test results are reported in Table 3 . Again, the Bayesian information criterion is used to select the lag parameter and diagnostic tests are conducted to ensure the selected lag structure adequately describes data dynamics. According to both maximum eigenvalue and trace statistics, the null hypothesis of no cointegration is rejected. Further, there is no evidence that there exists more than one cointegrating vector. These results suggest that, for a given stock index, its daily high and daily low series are cointegrated. That is, the high and low series are driven by the same stochastic trend and individually wander randomly over time. However, an appropriate linear combination of highs and lows can eliminate the effects of the stochastic trend and form a stationary mean reverting series.
The estimated cointegrating vectors with the coefficient of the daily high series normalized to one are also reported in Table 3 . According to the estimated cointegrating vectors, there is approximately a one-to-one correspondence between movements in daily high and daily low over time. Recall that the range is defined by . The stationarity result of the range reported in Table 1 is supportive of the (1, -1) specification of the cointegrating vector. Thus, in the subsequent analyses, we impose the (1, -1) cointegrating restriction in estimating the vector error correction model. 7 The diagnostic Q-statistics are all insignificant, indicating the selected lag structures are appropriate.
Vector Error Correction Model
Given that the daily high and daily low series are cointegrated, a vector error correction model (VECM)
is used to examine their long-run and short-run interactions. Imposing the (1, -1) cointegrating vector restriction, the VECM can be written as:
.
The variable ' containing dummies for Tuesday, Wednesday, Thursday, and Friday are included to allow for the possible day-of-the-week effect. The VECM results are presented in Table   4 . The Q-statistics affirm that the selected VECM models adequately capture the data dynamics and the resulting disturbance terms display no statistically significant serial correlation.
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The results pertaining to models without the (1, -1) restriction are very similar to those reported in the text. These results are available upon request. Second, for all three stock indexes, the significant coefficient estimates of lagged dependent variables are all negative and those of the other lagged variables are positive. For instance, consider the Dow Jones Industrial index daily high equation in Panel A, the coefficient estimates of the lagged daily high differences are negative whereas those of the lagged daily low differences are positive. The negative coefficients suggest regressive behavior. Higher daily highs tend to drift down to a lower level, and lower daily highs tend to move up to a higher level. On the other hand, the positive coefficients of the lagged daily low differences are indicative of spillover effects. Higher (lower) daily lows lead to higher (lower) daily highs.
Third, the explanatory power of these error correction equations is quite decent for stock price changes.
The two S&P 500 equations presented in Panel C have the highest adjusted R-squared statistics of 16.5% and 17.6%. For the other two stock indexes, the adjusted R-squared is between 7.9% to 9.6%.
The estimation results indicate day-of-the-week effects in daily high and daily low data are quite weak.
Most of the day-of-the-week dummy variables are not statistically significant. For the few that are significant, the (absolute) size of the estimates is quite small. When the variable is omitted from (3), the other estimates are essentially the same (in terms of both magnitude and statistical significance) and the adjusted R-squared reduced by less than 0.1% in most cases. Indeed, for all three cases, the Bayesian information criterion selects the specification without the day-of-the-week dummy variables, which passes diagnostic tests with essentially the same Q-statistics. Thus, for brevity, the day-of-theweek effect is not considered in the subsequent analyses.
A remark on modeling the range is in order. The VECM (3) implies that the use of the historical range data to model the range dynamics may not be most efficient. Multiplying both sides of (3) by the vector
where , , , and are functions of the coefficients in (3). Only when the difference of the rows in each is a constant vector, we have = and under the summation sign on the right-hand-side of (4). Thus, under the VECM specification, a proper specification of the range requires information on the high and the low, and beyond the history of itself.
Augmented Models

Additional Price Variables
Equation (3) uses only histories of highs and lows as explanatory variables. Since the open and close are realizations from the same price series, they contain useful information about the evolution of the high and the low. Consider, say, changes in the daily closing price and the daily high, and .
Because the close and the high are recorded at different times of the day, the information that arrived between and is contained in but not available in . does not contain extra information when = . Thus, adding data on opens and closes would enhance the performance of (3). The role of other price variables in explaining and is examined using the augmented model:
,
where is a vector containing and , is given by , and and are the corresponding coefficient matrix and vector. The results of fitting (5) to the data are presented in Table 5 .
The lag parameters and are chosen based on the significance of and . The significant coefficients of and in these equations are all positive, indicating that increases in inter-day movements in opens and closes and in intraday open-to-close spreads imply gains in the high and the low. The local price momentum (information) captured by these additional price variables helps explain variations in both highs and lows.
The inclusion of these additional price variables has some systematic impacts on the original VECM coefficient estimates. The coefficient estimates of the lagged dependent variables become more negative, and those of the other variables shrink and turn negative in some cases. For instance, in the case of the Dow Jones Industrial daily low equation presented in Panel A, the coefficient estimates of the first few lagged changes in lows display a larger negative impact than those in Table 4 . The effect of the lagged changes in highs is smaller; the coefficient estimates of the first two lags are, in fact, significantly negative.
However, the effects of these additional price variables on the range variable's coefficient estimates are not similar across the three US stock indexes. For instance, compared with Table 4 , the estimated range effect in Table 5 is smaller for the Dow Jones Industrial and the S&P 500 daily low equations but is larger in the case of the NASDAQ daily low equation. For daily high equations, the range effect is mitigated in the case of the NASDAQ index but is stronger and becomes significant for the S&P 500 index.
The most noticeable change is the adjusted R-squared statistic. The NASDAQ daily low equation experiences the largest improvement. The adjusted R-squared statistic of the augmented equation (47.67%) is six times the original error correction equation (7.87%). The smallest increase is given by the S&P 500 daily low equation; the adjusted R-squared improves from 17.59% to 48.91%. The additional price variables do not qualitatively deteriorate the diagnostic Q-statistics, which still indicate the estimated residuals are well behaved. Thus, the explanatory power is enhanced without scarifying the modeling quality.
Trading Volume
Trading volume is an exogenous variable quite commonly considered by studies of financial price dynamics. Intuitively, trading volume is a relevant variable since prices are determined by the interplay of demand and supply. Indeed, there is a rich literature that covers the theory and empirics of interactions between returns and trading volume. 8 We investigate the effect trading volume has on highs and lows using the regression:
Following a common practice in extant literature, we include the contemporaneous trading volume and set the lag parameter to 1. The estimation results are given in Table 6 .
The contemporaneous trading volume is positively correlated with the change in the daily high. The lagged trading volume, on the other hand, has a negative impact. The results are quite different for the daily low equation. The contemporaneous trading volume is found to be negatively correlated with changes in daily lows. The lagged trading volume, on the other hand, has a significant positive effect for the NASDAQ and S&P 500 indexes and an insignificant effect for the Dow Jones Industrial index.
When we combine the effects on the daily high and low equations, a high level of contemporaneous trading volume implies a large range value (because of an increase in the high and a reduction in the low). Since the range is a proxy of volatility, the result is in accordance with the assertion that a high level of trading volume is associated with a high level of volatility. The lagged trading volume, on the other hand, is negatively related to the range -a result that is comparable to its negative effect on volatility reported in the literature. Thus, the estimated trading volume effect is broadly consistent with the notion of joint dependence of returns and volume on a common latent variable and with empirical findings on the interaction between returns and volatility.
The presence of trading volume does not materially change the estimates of the original VECM model.
The coefficient estimates of the lagged changes in Table 6 have signs and magnitudes that are quite comparable to those in Table 4 . Similar to the additional price variables considered in Table 5 , the trading volume does not have a systematic effect on the range coefficient estimates. Specifically, the Dow Jones Industrial high and low equations exhibit range effects that are larger than those in Table 4 , Panel A. On the other hand, the presence of trading volume reduces the range effects for the S&P 500 equations and yields mixed impacts for the NASDAQ equations. The diagnostic Q-statistics reported in Table 6 are all insignificant. The incremental explanatory power of trading volume is small relative to the price variables considered in the previous subsection. The inclusion of trading volume, in general, strengthens the value of the adjusted R-squared statistic by 1% to 2%. The additional price variables in the previous subsection, on the other hand, boost the statistic by over 30%.
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See Karpoff (1987) for a detailed review of early studies on the topic. A recent and extensive study is provided by Lo and Wang (2001) 
The Combined Model
The combined effects of the additional price variables and trading volume are examined using .
The results are presented in Table 7 . In a nutshell, the coefficient estimates of the price variables are quite similar to those in Table 5 , the trading volume effects are comparable to those reported in Table 6 , the adjusted R-squared statistics are marginally higher than those in Table 5 , and the Q-statistics are good.
The explanatory power of relative to and is in accordance with the notion that trading volume is secondary in importance while price is the most important piece of information. In technical analysis, trading volume patterns are usually used to confirm price patterns but not used as the primary indicator.
Overall, (7) offers a promising specification of the high and low dynamics. It explains close to 50% of the variations in changes in highs and lows, as indicated by the adjusted R-squared statistics.
Impulse Responses
In this subsection, we employ the generalized impulse response technique (Pesaran and Shin, 1998) Let the error vector have a zero mean and a variance . The generalized impulse response of with respect to a unit shock to the j-th variable ( = 1 for a shock to the high and = 2 for a shock to the low) at time t is given by ,
where , and = 0, for < 0.
Note that the matrices constitute the coefficient matrices of the (infinite order) movingaverage representation of . The term is a selection vector with unity as its j-th element and zeros elsewhere. It is shown that (8) is valid for a system of cointegrated variables. See Pesaran and Shin (1998) for a more detailed discussion.
The generalized impulse responses of to normalized unit shocks calculated from models (3), (5),
, and (7) are summarized in Figure 1 . The impulse response patterns are different across these models but these patterns are quite similar among the three stock indexes. In general the effects of the shocks on changes in highs and lows are short-lived, a typical result reported for financial price returns. For the basic VECM model (3) and one-day lagged responses, innovations in daily highs have a larger impact on daily lows than they do on daily highs. 9 On the other hand, innovations in daily lows have a larger impact on daily highs than on daily lows. All the one-day lagged responses are positive, and the effect of the shock dies off pretty quickly after the first day.
The responses to these shocks change quite substantially in the presence of data on openings and closings. In contrast to the basic VECM model, one-day lagged responses to shocks are negative for all three stock indexes under specification (5). The magnitude of the first day responses is larger than the one from the basic VECM model. While the impulse responses drop off quite fast, their absolute magnitudes are usually larger than the ones from (3).
The trading volume does not appear to have a substantial impact on the impulse response patterns for the three stock indexes. The impulse responses computed from (6) are very similar to those from (3).
The combined model (7), as expected, generates impulse responses comparable to those obtained from (5). To summarize, the general impulse response analysis corroborates the analyses conducted in the previous subsections -the open and the close have significant information about the dynamics of the high and the low and their information is richer than that contained in trading volume data.
Concluding Remarks
Motivated by the intuition that daily highs and lows of stock indexes in the US do not drift apart over time, we constructed an empirical model of these two variables based on the cointegration concept.
Our empirical results show that daily highs and daily lows of three main US stock price indexes are cointegrated. The difference of the high and the low, which is the price range examined in the literature, is stationary and can be interpreted as the error correction term of the cointegration system comprising highs and lows.
Data on openings, closings, and trading volume are found to offer incremental explanatory power for highs and lows in the VECM framework. The incremental explanatory power of openings and closings is considerably higher than that of trading volume. With all these variables, the augmented VECM models explain 40% to 50% of the variations in daily highs and lows. The generalized impulse response analysis reveals that the responses of daily highs and daily lows to their shocks depend on whether data on openings, closing, and trading volume are included in the analysis.
The perspective of the current exercise is different from some recent studies that focus on price range dynamics and the ability of price ranges to capture volatility. The current exercise is on modeling the high and the low, which are the constituting elements of the price range. The cointegration result implies that using only the history of the range to model range dynamics does not constitute a complete strategy.
A proper specification of the range should also include information on highs and lows. Also, while price ranges can be constructed from highs and lows, it is rather difficult, if not impossible, to recover highs and lows from data on price ranges. Thus, a model of highs and lows is complementary to extant studies on modeling ranges.
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Number "2" on the horizontal axis corresponds to the one-day lagged response to the initial unit shock.
The exploratory analysis conducted here indicates that the proposed model has good explanatory power.
While we are not claiming the superiority of the empirical high-low model, the results do have some implications for studying stock price dynamics. For instance, in specifying a GARCH type specification of stock return behavior, the range variable derived from the empirical high-low model can be used to model conditional volatility. The use of range may improve the performance of GARCH type models.
Further, range is an efficient estimator of volatility. The empirical model offers a reasonable alternative to generate volatility forecasts that are crucial inputs for options pricing and risk management. 10 In general, the empirical high-low model should complement studies in which (conditional) volatility plays a significant role. Further research, which is beyond the scope of the current exercise, on the implications of the proposed model for pricing exotic options and for evaluating technical trading methods that involve high and low variables is warranted. , and daily price range (R) series. Panels A, B, and C give results for the Dow Jones Industrial index, the NASDAQ index, and the S&P 500 index, respectively. "ADF-GLS" and "ADF" gives the ADF-GLS and ADF test results. "STAT" gives the test statistics, "LAG" gives the lag parameters used in the test procedures, "*" indicates the rejection of the unit root null hypothesis at the 5% level and "Q5" and "Q10" gives the Box-Ljung Q-statistics calculated from the first 5 and 10 estimated residual autocorrelations. None of the Q-statistics is significant. Note: The results of testing for cointegration between highs and lows of the Dow Jones Industrial index, the NASDAQ index, and the S&P 500 index are reported in Panels A, B, and C. Eigenvalue and trace statistics are given under the columns "EIGENV" and "TRACE." "r=0" corresponds to the null hypothesis of no cointegration and "r=1" corresponds to the hypothesis of one cointegration vector. The no-cointegration null is rejected and the hypothesis of one-cointegration vector is not rejected. "H" and "L" identify the Q-statistics associated with the daily high and daily low equations. All the Q-statistics are insignificant. The rows labeled "C. Vector" give cointegrating vectors with the coefficient of the high normalized to one. "LAG" gives the lag parameters used to conduct the test. Note: The estimates of the augmented vector error correction model (7) for the high and the low are reported. Panels A, B, and C
give the results for the Dow Jones Industrial index, the NASDAQ index, and the S&P 500 index. O (.), C (.), CO (.), and V (.) are the extra explanatory variables added to the basic VECM (3). See also the Note to 
